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Abstract. In this work, we proposed a new univariate continuous distribution derived from one-parameter beta distri-
bution using the property of probability density function (pdf) and the theory of Riemann integration. The proposed
distribution is called Lambda Upper Bound (LUB) Distribution because it is bounded above by Lambda (λ). The pro-
posed distribution with two parameters can also be referred to as two parameter power function distribution and will
present new opportunities for assessing reliability and survival data in different field of life such as environmental,
engineering, medicine and finance. The distribution was characterized using different functions and different proper-
ties of the distribution were derived including the Shannon entropy, order statistics and moment. We used maximum
likelihood estimation method to estimate the distribution parameters and they are in closed form. Simulation study was
carried out to test the consistency of the parameters estimates and applied two real life data and compared the result
with existing distributions. The result of the comparison shows that the proposed distribution, despite having only two
parameters fitted well to the two data sets and compared favourably well with other more complex distributions. The
proposed distribution is a type of beta distribution with shape and scale parameters and can be used as an alternative to
beta, kumaraswamy and uniform distributions.
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1. Introduction

Generating new probability distributions, finding their properties and their real life applications are what is
trending in the field of mathematical statistics and probability (Famoye et al., 2018). Univariate continuous
probability distributions are commonly applied to describe real world phenomena. Due to the usefulness
of these distributions, their theory is widely studied and new distributions are developed. Lee et al. (2013)
reviewed methods of generating these univariate continuous probability distributions in recent decades. The
interest of developing more probability distributions that are flexible remain strong in statistics profession.
McDonald (1984); and Bookstaber and McDonald (1987) studied the generalized beta of the first and second
kind respectively, which were applied to study the distribution of income and describing stock price returns
respectively.

There are many univariate continuous probability distributions that are supported on the interval [0, ∞)
but in some real situations random variables assume finite upper bound. For example, students results are
bounded on the interval [0, 100], test or continuous assessment scores in some cases are bounded on the
interval [0, 30], probability values are bounded on the interval [0, 1], measures of partitions in statistics like
percentile [0, 100], decile [0, 10], octile [0, 8], quartile [0, 4] and so on. The Beta distribution is one of the
most basic distributions supported on finite range (0, 1). The Beta distribution has been widely studied in both
practice and theory in Mathematical Statistics by Nadarajah and Kotz (2004 and 2005), Kong et al. (2007),
Akinsete et al. (2008) Pescim et al. (2010), Souza et al. (2010), Nassarand and Elmagry (2012), Nassar and
Nada (2011, 2012 and 2013) and Anake et al. (2015). An alternative distribution to the beta distribution,
which is easier to work with, is the Kumaraswamy distribution proposed by Kumaraswamy (1980).

The beta distribution as earlier mentioned, in probability theory and statistics in particular, is a family of

∗Corresponding author. Email: matekum@yahoo.com

http://www.srg-uniben.org/



13 Ekum et al.

continuous probability distributions defined on the interval [0, 1] with two positive shape parameters, α and
β, that control the shape of the distribution. The beta distribution has been applied to model the behavior of
random variables limited to intervals of finite length between 0 and 1 (Kieschnick and McCullough, 2003
and Johnson et al., 1995). The Kumaraswamy distribution is much simpler to use when compared with the
beta distribution, especially in simulation studies due to the simple closed form of both its probability density
function and cumulative distribution function. Another distribution in this class is the uniform distribution
bounded on a closed interval [a, b] (Park and Bera, 2009).

Many individual and generalized convoluted classes of these distributions have been developed and applied
to describe various real phenomena even in the areas of environmental hazards and engineering. A common
feature of these generalized convoluted distributions is that they have more parameters. A major disadvantage
of these distributions with more than three parameters is in the estimation of their parameters and making
inferences with them, especially with the ones that do not have closed form of their maximum likelihood
estimates or moments. Eugene et al. (2002) proposed the beta-generated family of distributions using the
beta as the baseline distribution.

In this paper, the beta distribution is used as the baseline distribution. The shape parameters of the beta
distribution are redefined to determine the shape and upper bound of the proposed distribution.

The remaining parts of the paper are unfolded as follows. Section 2 presents the proposed distribution and
its function. Section 3 presents the characterized proposed distribution by its probability density function
(pdf), cumulative distribution function (cdf), survival function, hazard function, cumulative hazard function
and quantile function. Also, the limiting function, Shannon entropy, order statistics, and related distributions
are presented. In section 4, we discuss the moments and maximum likelihood estimation (mle) of the pa-
rameters.Section 5 presents the distribution fitting, while section 6 presents the simulation study and shows
the consistency of the distribution parameters. Applications based on real data are presented in Section 7.
Finally, concluding remarks are given in Section 8.

2. Derivation of Lambda Upper Bound (LUB) distribution

The beta distribution is a flexible and useful tool in modelling continuous random variables that assume
values in the standard unit interval (0, 1), such as rates, percentages and proportions (Kieschnick and Mc-
Cullough, 2003). In particular, one may be interested in modelling fluctuations in variables such as income
concentration, unemployment rate, and proportion of votes for an incumbent president running for reelec-
tion, whose support is the standard unit interval. Beta distribution is bounded on the interval [0, 1], which
is measured in standard unit, but we are not only interested in values measured in standard units but also
values that are greater than 1. In this case, one may be interested in modelling fluctuations in variables such
as income, expenditure and quantity of olive oil in a 25cl bottle, whose support are not in the standard unit
interval.

PROPOSITION 2.1 Let X be a random variable that follows a beta distribution with parameters α and β,
such that α = a and b > 0, then by integrating the resulting probability density function (pdf) of X , u(x) on
the closed interval [0, λ] then the pdf f(x) is given by

f(x) = {
a

λa
xa−1, 0≤x≤λ, a>0, λ>0

0, otherwise

Proof. The pdf, g(x) of beta distribution with parameters α and β, that is , X ∼ Be(α, β) is given by

g(x) =
xα−1(1− x)β−1

B(α, β)
, x ≥ 0, α, β > 0, (1)

where α and β are the shape parameters and the values of X are between 0 and 1. By letting α = a and
β = 1, that is X ∼ Be(a, 1), will reduce (1) to another pdf, u(x).

u(x) = xa−1, x ≥ 0, α > 0. (2)

Note that (2) is another proper pdf that follows a beta distribution with parameters α = a and β = 1. But we
are interested in a flexible upper bound which is a positive real number, which might be different from 1, say
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λ. It is expected that if the support [0, λ] specifies the total probability space, such that the definite integral
bounded in the closed interval [0, λ], where λ > 0 is given by

∫ λ

0
u(x)dx, (3)

then (3) will be equated to 1, since it defines the total probability space

∫ λ

0
xa−1dx = 1, (4)

Rearrange equation (4) to have

a

λa

∫ λ

0
xa−1dx = 1, (5)

and by one of the properties of a true pdf we have

∫ λ

0

a

λa
xa−1dx =

∫ λ

0
f(x)dx = 1. (6)

Thus,

f(x) = {
a

λa
xa−1, 0≤x≤λ, a>0, λ>0

0, otherwise (7)

�

So, (7) is the proposed Lambda Upper Bound (LUB) distribution provided the values of x are within the
support [0, λ], where a and λ are the shape and scale parameters respectively. Therefore, the LUB function
is given by

∫ λ

0
xa−1dx =

λa

a
. (8)

The LUB function can be used to evaluate integral of the form in (8), for example.

∫ 5

0
x3dx = 156.25 (9)

The solution of the definite integral in (9) can be derived without doing actual integration by comparing the
integral with LUB function, we have: λ = 5, a− 1 = 3, so that a = 4. Therefore,

54

4
= 156.25

3. Characterization of the LUB distribution

3.1 Probability density function

One of the ways of characterizing a random variable is through its probability density function (pdf). The
LUB distribution defined in (8) is a special case of the beta distribution, which was proved by Proposition
2.1.
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15 Ekum et al.

3.2 Cumulative distribution function

THEOREM 3.1 Let X be a LUB distributed random variable. The cumulative distribution function (cdf),
F (x) of LUB distribution is a power function of the cdf V (x) of a uniform distribution defined on a closed
interval [0, λ].

Proof. By definition, the cumulative distribution function (cdf) of a random variable X is given by

F (x) =

∫ x

0
f(t)dt (10)

Given the LUB distribution in (7), we obtain the cdf of X as

F (x) =

∫ x

0

ata−1

λa
dt =

[
ta

λa

]x
0

. (11)

Solving (11) further gives (12)

F (x) =
xa

λa
=
(x
λ

)a
, (12)

which can also be written as

P (X ≤ x) = F (x) = [V (x)]a.

where V (x) = x
λ is the cdf of a uniform distribution defined on a closed interval [0, λ]. �

Thus, the cdf of LUB distribution is the cdf of uniform distribution raised to the power of a. This implies
that if parameter a = 1, the the cdf of LUB distribution will be reduced to that of uniform distribution.

Figure 1: The pdf of LUB distribution for different values of a and λ = 10

Fig. 1 depicts the pdf of LUB distribution for different values of parameter a for a constant value of
parameter λ. It shows that for a constant λ, if a < 1, it is skewed to the right and if a > 1, it is skewed to the
left, but if a = 1, it is symmetric. The values of P (X ≤ x) = p for some values of x in the closed interval
[0, λ = 100] and for different values of a is shown in Table 1. Fig. 2. depicts the cdf of LUB distribution for
various values of a at constant λ = 10. It shows that the values of the cdf increased from 0 to 1 as the value
of x increased from 0 to 10.

3.3 Survival function

By definition, the survival function S(x) of a random variable X , is a function that gives the probability that
an item of interest will survive beyond any given specified time, also known as the reliability function and is
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Table 1: The values of P (X ≤ x) = p at different values of a at constant λ = 100

given by

S(x) = 1− F (x) (13)

THEOREM 3.2 The survival function of a LUB distribution S(x) with cdf F (x) is a power function of the
survival function SV (x) of a uniform distribution with cdf V (x) defined on a closed interval [0, λ].

S(x) = (SV (x))a (14)

Proof. Given the cdf in (12), we derive the survival function by

S(x) = 1− xa

λa
(15)

S(x) =
λa − xa

λa
=

(
λ− x
λ

)a
(16)

where λ−x
λ is the survival function SV (x) of a uniform distribution defined on the interval [0, λ]. �

Fig. 3 depicts the survival function of LUB distribution. It shows that the values of the survival function
decreased from 1 to 0 as the value of x increased from 0 to 10.
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17 Ekum et al.

Figure 2: The cdf of LUB distribution for different values of a

3.4 Hazard function

By definition, the hazard function h(x) of a random variable X also known as the failure rate or force of
mortality is the ratio of f(x) to S(x), and is given by

h(x) =
f(x)

S(x)
(17)

PROPOSITION 3.3 The hazard function of a random variable X that follows a LUB distribution with pa-
rameters a = 1 and λ will reduce to the hazard function of a uniform distributed on the interval [0, λ].

Proof. Given the pdf in (7) and the survival rate in (16), we derive the h(x) of LUB distribution as

h(x) =
axa−1

λa − xa
. (18)

Put a = 1, we have

h(x) =
1

λ− x
, (19)

which is the hazard function of uniform distribution defined on the interval [0, λ]. �

3.5 Cumulative hazard function

THEOREM 3.4 Let X be random variable that follows a LUB distribution with cdf, F (x). The cumulative
hazard function,H(x) of LUB distribution is the product of parameter a and the cumulative hazard function,
HV (x) of uniform distribution with cdf V (x) defined on the interval (0, λ).
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Figure 3: The Survival Function of LUB distribution for different values of a

Figure 4: The Hazard Function of LUB Distribution for different values of a

Proof. By definition, the cumulative hazard function H(x) of a random variable X is given by

H(x) = −lnS(x) (20)

Given the survival function (16), we derive the H(x) of LUB distribution as

H(x) = −ln
(
λ− x
λ

)a
. (21)
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Equation (21) can be written as (22)

H(x) = −aln
(
λ− x
λ

)
= aHV (x), (22)

Equation (22) is the cumulative hazard function of LUB distribution where

HV (x) = −ln
(
λ− x
λ

)
. (23)

is the cumulative hazard function of a uniform distribution defined on the interval (0, λ). �

The cumulative hazard function of LUB distribution at different values of a and constant λ is depicted in
Fig. 5. Fig. 4 and Fig. 5 depict the hazard and the cumulative hazard rates of LUB distribution. Fig. 4 and

Figure 5: The Cumulative Hazard Function of LUB Distribution for different values of a

Fig. show that both the hazard rate and cumulative hazard rate are asymptotic to both horizontal and vertical
axes.

3.6 Quantile function

The quantile function of a random variable X is the value at which the probability of the random variable is
less than or equal to the given probability. It is the inverse function of the cdf and it is defined as

Q(x) = F (x−1) (24)

Given the cdf in (12), we derive Q(x) by making x the subject of the formula

x = (λaF (x))1/a.

Therefore

Q(x) = F (x−1) = (λaF (x))1/a
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Table 2: The x values at difference values of P (X ≤ x) for different values of a > 0, for constant λ = 100

The quantile function returns the value x such that

F (x) = P (X ≤ x) = p

So, that the quantile function of LUB distribution can be written as

x = Q(p) = λp1/a (25)

The quantile function of a particular distribution is used in Monte Carlo method to simulate random variates
that follows such distribution.
Table 2 displays the x values at difference values of p = P (X ≤ x) for different values of a > 0, for

constant λ = 100. It can be seen that the values of x ranges from 0 to 100. The higher the p, the higher the
value of x for a particular a.

The histograms of LUB distribution for different values of a at constant λ is depicted in Fig. 6. It shows
that for a constant λ, if a < 1, it is skewed to the right and if a > 1, it is skewed to the left, but if a = 1, it is
symmetric. The shape of LUB distribution is solely determined by the value of a. So, LUB distribution can
be positively skewed, negatively skewed or symmetric, depending on the value of the shape parameter, a. R
code used in generating the plots are shown in Appendix I. Some of the plots and tables are generated using
Microsoft Excel formulas.

3.6.1 Median

The median of a probability distribution is the value separating the higher half the probability distribution
from its lower half. It is the ”middle” value.

Given the quantile function in (25), the median of Lambda upper bound distribution is given by

Q(0.5) = λ

(
1

2

)1/a

(26)

3.6.2 Measures of partition

The quantile function can be used to partition a distribution into different non-overlapping continuous sec-
tions. We can determined the quartiles, octiles, deciles and percentiles using the quantile function.
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The first and the third quartiles are given by (27) and (28) respectively

Q(0.25) = λ

(
1

4

)1/a

(27)

Q(0.75) = λ

(
3

4

)1/a

. (28)

Figure 6: The histogram of LUB distribution for different values of a

3.7 Mode of LUB distribution

The mode of LUB distribution is parameter λ. According to Johnson et al. (1995), the mode of a beta
distributed random variable X with parameters α, β > 1, defined on the interval [0, 1] corresponding to the
peak in the pdf is given by

Mode =
α− 1

α+ β − 2
(29)

So, letting β = 1, the Mode in (29) is equal to 1, corresponding to the peak in the pdf given in (1). Thus, the
peak of LUB distribution corresponding to the peak in the pdf given in (8) is lambda.

3.8 Limiting functions of LUB distribution

1a. The limit of f(x) in (8) as x→ 0 is equal to zero

lim
x→0

f(x) = 0 (30)

lim
x→0

a

λa
xa−1 = 0 (31)
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1b. The limit of f(x) in (8) as x→ λ is equal to a
λ

lim
x→λ

f(x) =
a

λ
(32)

lim
x→λ

a

λa
xa−1 =

a

λ
(33)

2a. The limit of F (x) in (12) as x→ 0 is equal to 0

lim
x→0

F (x) = 0 (34)

lim
x→0

xa

λa
= 0 (35)

2b. The limit of F (x) in (12) as x→ λ is equal to 1

lim
x→λ

F (x) = 1 (36)

lim
x→λ

xa

λa
= 1 (37)

3.9 Shannon entropy

Shannon entropy of a random variable X is a measure of variation of uncertainty and it is defined by

E[−logf(x)]. (38)

Using the LUB distribution, equation (38) gives (39)

E(−logf(x)) = E
[
−log

( a
λa
xa−1

)]
. (39)

Thus, the Shannon entropy of LUB distribution becomes (40)

Φ(x) = −loga+ alogλ− (a− 1)E(logx) (40)

where Φ(x) is the shannon entropy of Lamda upper bound distribution

3.10 Order statistics

3.10.1 1st Order statistics

Let X1, X2, ..., Xn be a random sample from the LUB distribution and X(1), X(2), . . . , X(n), such that,
X(1) ≤ X(2) ≤ .... . . ≤ X(n), are order statistics obtained from the sample. Then the pdf fX1

(x) of the 1st

order statistics, X(1) is given by

fX1
(x) = − d

dx

n∏
i=1

[1− F (x)]n = n [1− F (x)]n−1 f(x) (41)

but S(x) = 1− F (x), so that (49) becomes

fX1
(x) = n [S(x)]n−1 f(x) (42)
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Substitute (7) and (16) into (42) to obtain

fX1
(x) = n

[
1− xa

λa

]n−1 a

λa
xa−1 (43)

Thus, (44) is the 1st order statistics of LUB distribution.

fX1
(x) =

an

λan
xa−1 [λa − xa]n−1 (44)

3.10.2 nth Order statistics

THEOREM 3.5 The pdf fXn(x) of the nth order statistics of LUB distribution is the same as the pdf of
LUB distribution with shape parameter, an and scale parameter, λ, where an is the sum of parameter a in n
places.

Proof. Let X1, X2, ..., Xn be a random sample from the LUB distribution and X(1), X(2), . . . , X(n), such
that, X(1) ≤ X(2) ≤ .... . . ≤ X(n), are order statistics obtained from the sample. Then the pdf fXn(x) of the
nth order statistics, X(n) is given by

fXn(x) = n [F (x)]n−1 f(x) (45)

Substitute (8) and (12) into (53), we have (54)

fXn(x) = n

[
xa

λa

]n−1 a

λa
xa−1 (46)

Thus, (55) is the nth order statistics of LUB distribution which is also a true pdf of LUB distribution with
parameters an and λ.

fXn(x) =
an

λan
xan−1 (47)

�

3.10.3 General order statistics

THEOREM 3.6 The pdf of the general order statistics of LUB distribution fX(j)
(x) exists and it is given by

the expression.

fX(j)
(x) =

n!

(j − 1)!(n− j)!
axaj−1(λa − xa)n−j

λan

Proof. Let X(1), X(2), ..., X(n) denote the order statistics of a random sample that follows LUB distribution,
X1, X2, ..., Xn, from a continuous population with cdf, F (x) and pdf f(x). Then the pdf of X(j) is

fX(j)
(x) =

n!

(j − 1)!(n− j)!
f(x)[F (x)]j−1[1− F (x)]n−j (48)

Substitute (7) and (12) into (48) to have

fX(j)
(x) =

n!

(j − 1)!(n− j)!
a

λa
xa−1

[
xa

λa

]j−1 [
1− xa

λa

]n−j
(49)
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Thus, the general order statistics of LUB distribution exists and it is given as.

fX(j)
(x) =

n!

(j − 1)!(n− j)!
axaj−1(λa − xa)n−j

λan
(50)

�

3.11 Related distributions

3.11.1 Uniform distribution

LEMMA 3.7 Let a random variable X follows a LUB distribution with pdf as defined in (8). If parameter
a = 1, then f(x) becomes the pdf of a uniform distribution bounded on the closed interval [0, λ] and has the
same mean as the LUB distribution for a = 1.

Proof. Recall the pdf of LUB distribution in (8), given by

f(x) =
a

λa
xa−1, 0 ≤ x ≤ λ, a > 0

Let a = 1, we have

f(x) =
1

λ
, 0 ≤ x ≤ λ

By definition, the mean of a random variable X is given by

E(x) =

∫ ∞
−∞

xf(x)dx

So that we have

E(x) =

∫ λ

0
x

1

λ
dx =

1

λ

∫ λ

0
xdx (51)

E(x) =
1

λ

x2

2
|λ0 . (52)

From (60), we have

E(x) =
λ

2
(53)

�

Thus, equation (53) is the mean of Uniform distribution bounded on the closed interval [0, λ] and (61) is
also the mean of LUB distribution for a = 1 as we shall see in the estimation of moment in subsequent
paragraphs.

3.11.2 Beta distribution

LEMMA 3.8 Let a random variable X follows a LUB distribution with pdf as defined in (8). If parameter
λ = 1, then f(x) becomes the pdf of a Beta distribution with parameters α = a and β = 1.

Proof. Recall the pdf of LUB distribution in (8), given by

f(x) =
a

λa
xa−1, 0 ≤ x ≤ λ, a > 0
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Let λ = 1, we have

f(x) = axa−1, 0 ≤ x ≤ 1, a > 0 (54)

�

Thus, equation (54) is the pdf of Beta distribution with parameters α = a and β = 1.

3.11.3 Kumaraswamy distribution

LEMMA 3.9 Let a random variable X follows a LUB distribution with pdf as defined in (7). If parameter
λ = 1, then f(x) becomes the pdf of a Kumaraswamy distribution with parameter b = 1. It can also be
referred as a one parameter power function distribution.

Proof. Recall the pdf of LUB distribution given by

f(x) =
a

λa
xa−1, 0 ≤ x ≤ λ, a > 0

Let λ = 1, we have

f(x) = axa−1, 0 ≤ x ≤ 1, a > 0 (55)

�

Thus, equation (55) is the pdf of Kumaraswamy distribution with parameter b = 1.

THEOREM 3.10 Let random variable X follows a LUB distribution with parameters a and λ = 1, let
another random variable Y follows a beta distributions with parameters α = a and β = 1, and let another
random variable Z follows a Kumaraswamy distribution with parameters a and b = 1, the f(x) = f(y) =
f(z), where f(x), f(y) and f(z) are the pdf of LUB, beta, and Kumaraswamy distributions respectively.

Proof. Let random variable X follows a LUB distribution with pdf given by

f(x) =
a

λa
xa−1, 0 ≤ x ≤ λ, a > 0

Let λ = 1, we have

f(x) = axa−1, 0 ≤ x ≤ 1, a > 0 (56)

Let another random variable Y follows a beta distribution with pdf given by

f(y) =
1

B(α, β)
yα−1(1− y)β−1, 0 ≤ y ≤ 1, α > 0, β > 0 (57)

If α = a and β = 1, then we have

f(y) =
1

B(a, 1)
ya−1(1− y)0 = aya−1, 0 ≤ y ≤ 1, a > 0 (58)

Let another random variable Z follows a Kumaraswamy distribution with pdf given by

f(z) = abza−1(1− za)b−1, 0 ≤ z ≤ 1, a > 0, b > 0 (59)

If b = 1, then we have

f(z) = aza−1, 0 ≤ z ≤ 1, a > 0 (60)

http://www.srg-uniben.org/



Lambda upper bound distribution... 26

So, from equations (58), (59) and (60), the proof is complete, and we can see that f(x) = f(y) = f(z). �

4. Estimation

4.1 Moments

By definition, the kth moment about the origin of a random variable X is given by

E(Xk) =

∫
xkf(x)dx (61)

Recall the pdf of X in (7) and substitute it in (61) to have

E(Xk) =

∫ λ

0
xk

a

λa
xa−1dx =

a

λa

∫ λ

0
xk+a−1dx =

a

λa

[
xk+a

k + a

]λ
0

(62)

Thus, the kth moment of LUB distribution about the origin is given by

E(Xk) =
aλk

k + a
(63)

Mean

From (63), if we put k = 1, we have the mean of LUB distribution given by

E(X) =
aλ

a+ 1
(64)

Variance

By definition, the variance of a random variable X is given by

V ar(X) = E(X2)− [E(X)]2 (65)

But

E(X2) =
aλ2

a+ 2
(66)

Therefore, the variance of LUB distribution is derived by substituting (72) and (74) into (73) to have

V ar(X) =
aλ2

a+ 2
−
[
aλ

a+ 1

]2
(67)

Solving (67) further, we have

V ar(X) =
λ2(3a+ 2)

(a+ 1)2(a+ 2)
(68)
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Standard deviation

By definition, the standard deviation of random variable X is the square root of the variance of X and it is
given by

Sd(X) =
λ

a+ 1

√
3a+ 2

a+ 2
(69)

Coefficient of Variation

THEOREM 4.1 The coefficient of variation of a random variable X that follows LUB distribution is inde-
pendent of parameter λ. That is, it does not depend on the range of the data, it only depends on the shape
parameter a.

CV (X) =
1

a

√
3a+ 2

a+ 2
× 100

Proof. By definition, the coefficient of variation of a random variable X is given by

CV (X) =
Sd(X)

E(X)
× 100 (70)

Substitute (68) and (69) in (70) to have

CV (X) =

(
λ

a+ 1

√
3a+ 2

a+ 2
÷ aλ

a+ 1

)
× 100 (71)

Thus, solving (71) further, we have

CV (X) =
1

a

√
3a+ 2

a+ 2
× 100 (72)

Equation (72) concludes the proof that CV (X) is independent of parameter λ. �

Measure of skewness

PROPOSITION 4.2 The LUB distribution is symmetric if the shape parameter a = 1, irrespective of the
value of the scale parameter λ.

Proof. A distribution is symmetric if its coefficient of skewness is equal to zero, i.e CS(X) = 0. By defi-
nition, the Pearson Coefficient of Skewness (CS), with mean, E(X), median, (Md) and standard deviation
(Sd(X)) is given by

CS(X) = 3

(
E(X)−Md

Sd(X)

)
(73)

Substitute (64), (26) and (69)into (73) to have

CS(X) = 3

 aλ
a+1 − λ

(
1
2

)a
λ
a+1

√
3a+2
a+2

 (74)
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From (74), if a = 1, we have

CS(X) = 3

 λ
2 −

λ
2

λ
2

√
5
3

 = 0 (75)

Equation (75) concludes the proof and shows that the coefficient of skewness is zero (0), implying that the
distribution is symmetric. �

The skewness of LUB distribution depends so much on the value of a. If a < 1, then the distribution is
positively skewed. If a > 1, then the distribution is negatively skewed, but if a = 1, then the distribution is
symmetric.

Measure of kurtosis

In probability theory and statistics, kurtosis is a measure of the ”tailedness” of the probability distribution of
a random variable X . Kurtosis is a descriptor of the shape of a probability distribution (Westfall, 2014). The
kurtosis of any univariate normal distribution is 3. It is common to compare the kurtosis of a distribution to
this value. By definition, the Coefficient of Kurtosis (CK), with fourth moment, µ4 and Variance (V ar(X))
is given by

CK(X) =
µ4

[V ar(X)]2
. (76)

But

µ4 = E[X − µ]4 =

∫ λ

0
[x− µ]4f(x)dx (77)

where µ = aλ
a+1 and f(x) is defined in (7), so that (76) becomes (77)

µ4 = E[X − µ]4 =
a

λa

∫ λ

0

[
x− aλ

a+ 1

]4
xa−1dx (78)

Substitute (67) and (78) into (76)

CK(X) =
a(a+ 1)3(a+ 2)2

λ4(3a+ 2)2

∫ λ

0
[x(a+ 1)− aλ]4 xa−1dx (79)

4.2 Maximum likelihood estimation

The likelihood of LUBD is given by

Lf(x, a) =
( a
λa

)n n∏
i=1

xa−1 (80)

Take the log of (80) to have

` = ln(Lf(x)) = nlog(a)− anlog(λ) + (a− 1)

n∑
i=1

logxi (81)
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Take the derivative of (81) with respect to a gives

∂`

∂a
=
n

a
− nlog(λ) +

n∑
i=1

log(xi) (82)

Equate (82) to zero and solve for a gives

â =
n

nlogλ−
∑n

i=1 logxi
(83)

where â is the MLE of a and λ is estimated by

λ̂ = max(xi) + Se(x) (84)

where Se(x) is the standard error of X , so that λ̂ > max(X) or λ is the least upper bound

λ̂ = Sup(xi) (85)

where x is the value of a random variable X , that is x ∈ X . R code can also be used to estimate the
parameters of LUB distribution using maxLik package in R and the code is shown in Appendix II.

4.3 Hessian and Fisher’s information matrices of LUB distribution

From log likelihood in (81), we have the Hessian matrix, H of LUB distribution given as

H =

(
−an

λ −
n
λ

−n
λ

an
λ2

)
The determinant of the Hessian matrix is |H| = −n2

λ2

(
a2+λ
λ

)
and the Fisher’s information matrix is given

by

−E(H) =

(
an
λ

n
λ

n
λ −

an
λ2

)
The Hessian of LUB distribution has both positive and negative eigenvalues (see principal diagonal signs)
then x is a saddle point for the function. Hence, the test is inconclusive. This implies that at a local minimum
the Hessian is positive-semi-definite, and at a local maximum the Hessian is negative semi-definite. From the
Morse theory, for two parameters, the determinant is used. In this case, the determinant is negative, then x
is a local maximum. The Hessian matrices have many applications, they are used in large-scale optimization
problems, image processing and computer vision.

4.4 Writing the LUB distribution in the exponential class of family

Let y1, ..., yn denote n independent observations on a response. We treat yi as a realization of a random
variable Yi. In the general linear model we assume that Yi has a normal distribution with mean µi and
variance σ2.

Yi ∼ N(0, σ2) (86)

and we further assume that the expected value µi is a linear function of k predictors that take values x
′

i =
(xi1, ..., xip) for the i-th case, so that

µi = x
′

iβ (87)

where β is a vector of unknown parameters. We will generalize this in two steps, dealing with the stochastic
and systematic components of the model.
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Let X1, X2, ..., Xn be a random sample from a distribution with a pdf of the exponential form:

f(x; θ) = exp[K(x)p(θ) + S(x) + q(θ)] (88)

with K(x) and S(x) being functions only of x, p(θ) and q(θ) being functions only of the parameter θ, and
the support being free of the parameter θ. The pdf of LUB distribution is given as

f(x) =
a

λa
xa−1, 0 ≤ x ≤ λ, a > 0

Taking log of both sides

lnf(x) = ln
( a
λa
xa−1

)
(89)

lnf(x) = lna− alnλ+ (a− 1)lnx (90)

Taking exponential of both sides

f(x) = exp{lna− alnλ+ (a− 1)lnx} (91)

The exponential class family is given by

f(x; a) = exp{(a− 1)lnx+ lna− alnλ} (92)

where K(x) = lnx, S(x) = 0, p(θ) = a− 1 and q(θ) = lna− alnλ. .

Exponential criterion

Let X1, X2, ..., Xn be a random sample from a LUB distribution written in the exponential form as:

THEOREM 4.3

f(x; a) = exp{alnx− lnx+ lna− alnλ}

with a support that does not depend on a. Then, the statistic:

n∑
i=1

lnxi

is sufficient for θ.

Proof. Since X1, X2, ..., Xn is a random sample, the joint pdf of X1, X2, ..., Xn is, by independence:

f(x1, x2, ..., xn; a) = f(x1; a)× f(x2; a)× ...× f(xn; a)

Inserting what we know to be the pdf in exponential form, we have:

f(x1, x2, ..., xn; a) = exp

[
p(θ)

n∑
i=1

K(xi) +

n∑
i=1

S(xi) + nq(θ)

]
(93)
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So, substitute K(xi) = lnxi, S(xi) = −lnxi, p(θ) = a and q(θ) = lna− alnλ into (101) to have.

f(x1, x2, ..., xn; a) = exp

[
a

n∑
i=1

lnxi −
n∑
i=1

lnxi + n(lna− alnλ)

]

which can be factored as:

f(x1, x2, ..., xn; a) =

{
exp

[
a

n∑
i=1

lnxi + nlna− anlnλ

]}
×

{
exp

[
−

n∑
i=1

lnxi

]}

�

We have factored the joint pdf into two functions, one (φ) being only a function of the statistic
∑n

i=1 lnxi
and the other (h) not depending on the parameter a:

f(x1, x2, ..., xn; a) = φ

[
h

(
n∑
i=1

lnxi

)
; a

]
× h (x1, x2, ..., xn)

Therefore, the Factorization Theorem shows that
∑n

i=1 lnxi is a sufficient statistic for a.
If a random variable X has a distribution belonging to the exponential family, its pdf given in (88) can be

expressed as

f(x; θ, φ) = c (x, φ) exp

(
xθ − b(θ)
d(φ)

)
(94)

where θ and φ are parameters and b(θ), d(φ) and c(x, φ) are known functions. Also, note that

d(φ) =
φ

π

where π is a known prior weight, usually 1. So, equation (94) can be written as

f(x; θ, φ) = c (x, φ) exp

(
xθ − b(θ)

φ

)
It is also true that that if X has a distribution in the exponential family then it has mean and variance

E(X) = µ = b′(θ) (95)

V ar(X) = σ2 =

(
φ

π

)
b′′(θ) (96)

where b′(θ) and b′′(θ) are the first and second derivatives of b(θ). The LUB distribution can then be written
in exponential form as

f(x; a) = exp

(
(a− 1)lnx+ lna− alnλ

1

)
(97)

4.5 Fitting LUB distribution to data

In probability distribution, a proposed model is useful if it can model a particular set of data. This can be
achieved by testing the proposed distribution with the data using Kolmogorov–Smirnov test and by testing
the performance of the model with already established models using the Akaike information Criterion (AIC).
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4.5.1 Kolmogorov–Smirnov test

In statistics, the Kolmogorov–Smirnov test (K–S test or KS test) is a non-parametric test of the equality
of univariate continuous probability distributions that can be used to compare a data sample with a reference
probability distribution (one-sample K–S test), or to compare two samples (two-sample K–S test) (Stephens,
1974).

The Kolmogorov–Smirnov statistic quantifies a distance between the empirical distribution function of
the sample and the cumulative distribution function of the reference distribution, or between the empirical
distribution functions of two samples (Stephens, 1974). The null distribution of this statistic is calculated
under the null hypothesis that the sample is drawn from the reference distribution (in the one-sample case) or
that the samples are drawn from the same distribution (in the two-sample case). In each case, the distributions
considered under the null hypothesis are continuous distributions but are otherwise unrestricted. Marsaglia
et al.(2003).

The K-S statistic is sensitive to differences in both location and shape of the empirical cumulative distri-
bution functions of the two samples (Stephens, 1974).

The empirical distribution function Fn for n ordered observations Xi is defined by Kolmogorov (1933)
and Smirnov (1948) as

Fn(x) =
1

n

n∑
i=1

I[0,x](Xi), (98)

where I[0,x](Xi) = 1, if Xi ≤ x and equal to 0 otherwise. Note that I[0,x](Xi) is the indicator function. The
Kolmogorov–Smirnov statistic for a given cdf F (x) is

Dn = supx|Fn(x)− F (x)|. (99)

where supx is the supremum of the set of distances between Fn(x) and F (x). Note that for LUB distribution
F (x) is defined in (12).

4.5.2 Akaike information criterion of LUB distribution

The Akaike information criterion (AIC) is based on information theory, which was formulated by a statis-
tician called Hirotugu Akaike and it is widely used for statistical inference (Akaike, 1974). It estimates the
relative quality of statistical models for a given data set. Given a class of selected models for the given data,
AIC estimates the quality of one model in relative to others. Hence, AIC is a criterion for model selection.
If a statistical model is used to represent the process that generated such data, the representation will almost
never be exact, so losing some information by using the model to represent the process. AIC estimates the
relative information lost by such model. The less a model loses such information, the higher the quality of
that model. By estimating the information lost, AIC deals with the trade-off between the goodness of fit of
such a model and the simplicity of the model(Boisbunon et al., 2014).

Supposed we have a statistical model of some data, say X . Let p be the number of estimated parameters
in the model. Let L̂ be the maximum value of the likelihood function for the model. Then the AIC value of
the model proposed by (Akaike, 1973) is given as

AIC = 2p− 2ln(L̂), (100)

where ln(L̂) for LUB distribution is given in (89). Now, put (89) in (108) to have the AIC for LUB distribu-
tion given by

AIC = 2

{
2−

[
nln(â)− ânln(λ̂) + (â− 1)

n∑
i=1

lnxi

]}
, (101)

where â and λ̂ are the estimate of a and λ respectively in LUB distribution and (xi, i = 1 to n) ∈ X .
Given a set of candidate models for the data, the preferred model is the one with the minimum AIC value.

Thus, AIC rewards goodness of fit, but it also includes a penalty that is an increasing function of the number

http://www.srg-uniben.org/



33 Ekum et al.

of estimated parameters. The penalty discourages overfitting, because increasing the number of parameters
in the model and almost always improves the goodness of the fit (Aho et al.2014).

4.6 Transformation of data

There are some data that need to be transformed or what some researchers call normalization of data, before
it can be fitted well to LUB distribution. If the K-S p-value is very small, say less that 0.05, then we reject the
null hypothesis and conclude that LUB distribution is not a good fit for the data. If such data is transformed,
LUB distribution can be a good fit. Thus, we use the following transformation

yi =
xi −Min(xi)

Max(xi)−Min(xi)
, ∀ i (102)

It is very obvious from (102) that the maximum of y is 1 and the minimum is zero, that is, Max(yi) = 1 and
Min(yi) = 0. LUB distribution cannot be used to model any measured variable X that has zero as one of
its data point. This is because the logarithm of zero is undefined. The numerator in (102) is the major reason
why Min(yi) = 0. To avoid this, we proposed the transformation for LUB distribution as

yi =
(xi + SE(xi))−Min(xi)

Max(xi)−Min(xi)
,∀ i (103)

where SE(xi) is the standard error of the variable X from the given data. In this case, the minimum value of
Y cannot be zero, it will be strictly greater than zero, that is, yi > 0, ∀ i. Also, the maximum can no longer
be 1 but will be greater than 1. In this case, the estimate of λ in Y will be greater than 1, since SE(xi) is a
positive real number.

Since we cannot model any data set with zero included as one of the data points, we strictly advised that
such type of data be transformed by the formula in equation (103), which will definitely be reduced to (104).

yi =
(xi + SE(xi))

Max(xi)
,∀ i (104)

Better still, if data that contain zero are used, we can go ahead with equation (102) by removing all such
points with zero entries and reduce the length of the data.

5. Results and discussion

5.1 Simulation study

A simulation study was carried out to estimate the parameters of the proposed distribution (LUB). The
maximum likelihood estimation (MLE) of the parameters are in closed form. The values of a and λ can
easily be estimated by the MLE estimators given in equations (83) and (84) respectively. The simulation
study was carried out on sample sizes 20, 50, 100, 250 and 500, each replicated 1000 times for parameter
values a = 0.4, 0.9, 2 and 5, and constant λ = 10. The R statistical package was used for the simulation study
setting seed to 1234, that is, set.seed(1234). The results are setup in Microsoft Word table and sniped with
the snipping tool as picture and saved with JPG extention. The actual values for the sample sizes 20, 50,100,
250 and 500, estimates of a and λ, absolute bias (AB) and standard error (SE) of the estimates are presented
in Table 3.

Consistency of the parameter estimates

The estimates of parameters a and λ are consistent as shown by the values of absolute bias (AB) and the
standard error (SE) computed as shown in Table 3. The AB and SE converges to zero as the sample size,
n increases. The AB and SE trends are depicted in Fig. 7 to Fig. 10. The Figures show that they converge
to zero as the n increased from 20 to 500. The Fig. 9 and Fig. 10 show that the SE converges faster for
parameters a and λ than that of AB.
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Table 3: The parameter estimates, absolute bias and standard error of LUB distribution for different values
of a

Figure 7: Absolute bias for parameter a

Figure 8: Absolute bias for parameter λ

5.2 Application

In this section, we shall present two empirical applications so that we can apply the tools developed in the
previous sections to model the fitness of the data and compare the result to other existing distributions. The
first application used the data set from Durbin and Koopman (2001), published in the work of Alzaatreh et
al. (2016), represents the measurements of the annual flow of the Nile River at Ashwan from 1871–1970,
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Figure 9: Standard error for parameter a

Figure 10: Standard error for parameter λ

shown in Table 4. The second data set is a real data from Mahmoudi and Sepahdar (2013), published in
the work of Insuk et al. (2015), representing strengths of 1.5 cm glass fibers, measured at the National
Physical Laboratory, England, shown in Table 5. The R statistical package and Microsoft Excel were the
major statistical packages used for the analysis. The data in Table 4 is approximately symmetric with

Table 4: The annual flow of the Nile River at Ashwan from 1871–1970

skewness = 0.3175 and kurtosis = 2.6415. We transformed the data with the formula in (103), where X
represents the original data and Y represents the transformed data. The transformed data Y was fitted to
the LUB distribution and compared the results with Cauchy, gamma-Pareto proposed by Alzaatreh et al.
(2012), beta-Cauchy distribution proposed by Alshawarbeh et al. (2013) and Gamma-Cauchy{exponential}
distribution proposed by Alzaatreh et al. (2016). The maximum likelihood estimates, the log-likelihood
value, the AIC, the K-S test statistic, and the K-S statistic p-value for the fitted distributions are shown in
Tables 6. The data in Table 5 is negatively skewed with skewness = -0.9220 and kurtosis = 1.1031. We
fit the LUB distribution to the data in Table 5 and compared the fitness with some models in Insuk et al.
(2015), which are Beta Exponentiated Exponential (BEE), Exponentiated Weibull (EW), Exponentiated
Exponential (EE) and Weibull distributions by considering the p-value of K-S statistic. The maximum
likelihood estimates of the parameters, the K-S statistics and the corresponding p-values for the fitted models
are shown in Tables 7. The results in Tables 6 shows the LUB distribution, Gamma-CauchyExponential and
beta-Cauchy provide an adequate fit to the survival time data while the LUB distribution provides the best fit
using the p-value of the K-S. The result in Table 7 shows that the LUB distribution is the best using the K-S
p-value. The LUB, Weibull and EW distributions fit the data but the LUB is the best considering that it has
a p-value of 0.2921. Hence, the proposed LUB distribution competes favourably with existing distributions.
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Table 5: The strengths of 1.5 cm glass fibers

Table 6: Statistical evaluation of parameter estimates

Table 7: Statistical evaluation of parameter estimates using K-S statistic

We also present the comparison of the empirical cdf with each estimated cdf of the two data sets and this
is depicted in Fig 11(a) and (b). The data 1 in Fig. 11(a) has a better fit than the data 2 in Fig. 11(b) be-
cause, the data 1 is a transformed data. Even the K-S p-value shows that LUB distribution fit the two data sets.

Figure 11(a): LUB fit data 1. Figure 11(b): LUB fit to data 2
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6. Conclusion

A Lambda Upper Bound (LUB) is proposed as a special case of Beta distribution. It is also referred to
as two parameter power function distribution. It is derived by integrating beta distribution with parameters
α = a and β = 1 on the closed interval [0, λ] and equating the result to 1. We solved the resulting equation
and derived the LUB distribution. The LUB distribution is similar to Beta, Uniform and Kumaraswamy
distributions for some parameter values. It also has the LUB function, which is applicable to solve some kind
of definite integral (or Riemann integral) problems. Several properties of the LUB distribution are studied
including Shannon’s entropy, order statistics and moments. For some parameter values, LUB distribution
can be positively skewed if the values of parameter a is less than 1 (a < 1), or negatively skewed if a > 1 or
uniform if a = 1. The simplicity and flexibility of the LUB distribution and the existence of the moments and
closed form of its maximum likelihood estimates make this distribution an alternative to Beta, Uniform and
Kumaraswamy distributions in situations where these distributions may not provide an adequate fit. The LUB
distribution is tested on two data set. The result of the k-s p-value shows that it is better than some existing
models in fitting some types of data. It will be very useful when data are transformed or when the data is
bounded above. In real life, most data are non negative continuous and bounded above. LUB distribution can
be used to model these types of data, at least for its simplicity and easy manipulation.
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Appendix

Appendix I. Code for LUB Functions

# LUB Distribution
rm(list=ls())
set.seed(1234)
N = 1000
l = 10 # l represents parameter lambda
a1 = 0.8
a2 = 1.0
a3 = 2.0
a4 = 5.0
p = sort(runif(N,0,1))
x = l ∗ p∧(1/a2) #Quantile function
x1 = l ∗ p∧(1/a1)
x2 = l ∗ p∧(1/a2)
x3 = l ∗ p∧(1/a3)
x4 = l ∗ p∧(1/a4)

#PDF plot
fx1 = (a1/l∧(a1)) ∗ x∧(a1− 1)
fx2 = (a2/l∧(a2)) ∗ x∧(a2− 1)
fx3 = (a3/l∧(a3)) ∗ x∧(a3− 1)
fx4 = (a4/l∧(a4)) ∗ x∧(a4− 1)
plot(x, fx1, lty = 2, lwd = 2, col = ”red”, xlab = ”x”, ylab = ”f(x)”, type = ”l”, pch = 19)
lines(x, fx1, pch = 18, lty = 3, col = ”red”)
lines(x, fx2, pch = 18, lty = 3, col = ”black”)
lines(x, fx3, pch = 18, lty = 3, col = ”blue”)
lines(x, fx4, pch = 18, lty = 3, col = ”green”)
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legend(”top”, legend = c(”a = 0.8, lambda = 10.0”, ”a = 1.0, lambda = 10.0”, ”a = 2.0, lambda = 10.0”, ”a =
5.0, lambda = 10.0”), col = c(”red”, ”black”, ”blue”, ”green”), lty = 1 : 2, cex = 0.8)

# CDF Plots
Fx1 = (x/l)∧a1
Fx2 = (x/l)∧a2
Fx3 = (x/l)∧a3
Fx4 = (x/l)∧a4
plot(x, Fx1, lty = 2, lwd = 2, col = ”red”, xlab = ”x”, ylab = ”F (x)”, type = ”l”, pch = 19)
lines(x, Fx1, pch = 18, lty = 3, col = ”red”)
lines(x, Fx2, pch = 18, lty = 3, col = ”black”)
lines(x, Fx3, pch = 18, lty = 3, col = ”blue”)
lines(x, Fx4, pch = 18, lty = 3, col = ”green”)
legend(”top”, legend = c(”a = 0.8, lambda = 10.0”, ”a = 1.0, lambda = 10.0”, ”a = 2.0, lambda = 10.0”, ”a =
5.0, lambda = 10.0”), col = c(”red”, ”black”, ”blue”, ”green”), lty = 1 : 2, cex = 0.8)

#Survival function plots
Sx1 = 1− Fx1
Sx2 = 1− Fx2
Sx3 = 1− Fx3
Sx4 = 1− Fx4
plot(x, Sx1, lty = 2, lwd = 2, col = ”red”, xlab = ”x”, ylab = ”S(x)”, type = ”l”, pch = 19)
lines(x, Sx1, pch = 18, lty = 3, col = ”red”)
lines(x, Sx2, pch = 18, lty = 3, col = ”black”)
lines(x, Sx3, pch = 18, lty = 3, col = ”blue”)
lines(x, Sx4, pch = 18, lty = 3, col = ”green”)
legend(”bottomleft”, legend = c(”a = 0.8, lambda = 10.0”, ”a = 1.0, lambda = 10.0”, ”a = 2.0, lambda =
10.0”, ”a = 5.0, lambda = 10.0”), col = c(”red”, ”black”, ”blue”, ”green”), lty = 1 : 2, cex = 0.8)

#Hazard function plots
hx1 = fx1/Sx1
hx2 = fx2/Sx2
hx3 = fx3/Sx3
hx4 = fx4/Sx4
plot(x, hx1, lty = 2, lwd = 2, col = ”red”, xlab = ”x”, ylab = ”h(x)”, type = ”l”, pch = 19)
lines(x, hx1, pch = 18, lty = 3, col = ”red”)
lines(x, hx2, pch = 18, lty = 3, col = ”black”)
lines(x, hx3, pch = 18, lty = 3, col = ”blue”)
lines(x, hx4, pch = 18, lty = 3, col = ”green”)
legend(”topleft”, legend = c(”a = 0.8, lambda = 10.0”, ”a = 1.0, lambda = 10.0”, ”a = 2.0, lambda =
10.0”, ”a = 5.0, lambda = 10.0”), col = c(”red”, ”black”, ”blue”, ”green”), lty = 1 : 2, cex = 0.8)

#Cumulative hazard function plots
Hx1 = −log(Sx1)
Hx2 = −log(Sx2)
Hx3 = −log(Sx3)
Hx4 = −log(Sx4)
plot(x,Hx1, lty = 2, lwd = 2, col = ”red”, xlab = ”x”, ylab = ”H(x)”, type = ”l”, pch = 19)
lines(x,Hx1, pch = 18, lty = 3, col = ”red”)
lines(x,Hx2, pch = 18, lty = 3, col = ”black”)
lines(x,Hx3, pch = 18, lty = 3, col = ”blue”)
lines(x,Hx4, pch = 18, lty = 3, col = ”green”)
legend(”topleft”, legend = c(”a = 0.8, lambda = 10.0”, ”a = 1.0, lambda = 10.0”, ”a = 2.0, lambda =
10.0”, ”a = 5.0, lambda = 10.0”), col = c(”red”, ”black”, ”blue”, ”green”), lty = 1 : 2, cex = 0.8)

#Histograms
par(mfrow = c(2, 2))
hist(x1,main = ”a = 0.8, lambda = 10”, xlab = ”x”)
hist(x2,main = ”a = 1.0, lambda = 10”, xlab = ”x”)
hist(x3,main = ”a = 2.0, lambda = 10”, xlab = ”x”)
hist(x4,main = ”a = 5.0, lambda = 10”, xlab = ”x”)
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Appendix II. Log-Likelihood function with maxLik package

library(maxLik)
lubd = function(param, y){
a = param[1]
l = param[2]
L = n ∗ log(a)− n ∗ a ∗ log(l) + (a− 1) ∗ sum(log(y))
return(L)
}
Est = maxLik(lubd, y = y, start = c(1, 1))
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